
Quantum Hall & Chern - Simons theory

Fractional quantum Hall systems have the following
Salient features :

(D They

exhibit
fractional quantum Hall i . e . Tray = Owed =z*e?

iii. €#::::±÷:
'

:n÷::÷:÷÷ :Cii) They areincompressible: the density is  independent

of chemical potential .

( iii ) They support bulk excitations that have Cal ' fractional

charge ( b ) fractional statistics Canyons )
.

Civ ) They support edge States that are chiral .

>

Remarkably ,

these properties imply that the low energy
description  of FQH States is given by Chern - Simons

theory of the form NIS and a =

Inferior
age Truax .

± Kian and a wherek¥7
Such

a term is
°

topological
'

because it doesn't depend

on the metric ( there is no gmo dependence even on

curved

manifolds
) .

.

The action encodes non - trivial commutation

relations of  non -
contractible loops , similar to 2

, Xz = - X 22 ,

and 22 X
,

=
- X 122 in toric code .

In fact ,
toric code can

also be described by a Chern - Simons theory
!



Why Chern - Simona ?
-

One way
to proceed is to follow

E2ee
's

' What  else  it

could be ?
'

approach .

The system has a

conserved
electric current  ⇒ Joe =

↳
20 as .

Since time reversal

2h13explicitly broken by the magnetic field and the system

does not have an emergent photon , Ape must be yapped .

The only term allowed by these constraints  is

the C - S term - 4k¥ anda
.

As we will soon see
,

this provides a guage invariant mass a k to a
.

If so ,
the low

energy theory will be

L =

4kg Ems an Tru asteamE Duane

Itb
-

= ¥ a Ada t Fda E . M -

Jµfield

E. O . M
. for a ⇒2kqzdated.AZ= O ⇒ da = -keep

⇒ J = 81 = e doe =  - I DA
.2A2A2tky

- i. e Joe =  * I E peu a 20 AXu€
⇒ Jo = density = - I B ⇒ in compressible

at k
-

Ja =  tufty ⇒/rng=£4⇒r¥I .

( D= 11k )



Why is the guage field '
a

'

yapped ? Irrelevance

of Maxwell term
.

The CS term and a has one less derivative than the

-

4T

Maxwell term ( da )2
,

therefore it B more relevant

at longest distances .

In feet ,  it provides a mags

to the photon .

L =  IIe ,

fpu FM then am Soap ero A

E. O . M
.

⇒ 2µF
MO

= ten e2 E UP A

fpsDefining the dual field strength

Foe
= Emory

f
° A

⇒ f apart (k¥5 ]Fo = 0

i - e
. ( DDt m2)f=owhere m = k¥2

⇒

I
has a mass -

gap of KI
.

2T



' Chern - Simons ⇒ Anyone statistics

We ask :  if the excitations in Zttd have abelian

anyone statistics
,

what should be there low - energy

effective description ?

Anyone statistics imply that when world - lines of

Particles inter - link .
then one obtains a non - zero

phase in the path - integral

,
i . e .

.
a term of

0
I the form e2iOLK

Ccl , Cz )
2

( O= it for fermions )

I Linking number in terms

O fti 2 of trajectories

The linking number for two curves

is given by : Luce , , ca ) =L! ! C Faxdir) . dnt
4T

-

3
Viz

Physics proof i Lets pass a current  I =L through
-

BxB =P
,
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Claim : If the particles were coupled to a c - s

gurage field ,
then the path integral corresponding

to their world - lives would equal
ekin Lkccl , Cz )

i - e - O = I above

,
where Lace , , ez ) is the linking

number

bofk
world - lines .

Proof : The Lagrangian is :

I -

-

ten Emus apeman t join artist are

→ →

where joy= 8 Ca -

get
)) with

2=1.2and jj'
= si; Scot- Facts ) i

 
= nosy .

The path - integral becomes a

i
I L d2xdt

z = SDA e

=fpaeif¥nEros Aravan t ifjsartifjzra

This is a Gauesian integral ⇒

.

i Idk de jsz°
Z = e k

u

If
dye Mood

Denoting .az#emogjz=fIi.e.kzeMb2afuM
= j ,



z = eifdrde jem far

f- z
can be solved Since  it's of the Biot - savant

form DX B = JJ .

⇒

far=

egg
fd3yEµoa2oj

in - Fl

i Sdk jst Emon au Jan
-

⇒
2 = e 2k in - Fl

Integrating by parts :

- i Sdsu

dsyca-yjjfcnle.ms
janey )

2 = Er¥13Since jz , jz are non - zero only along the

Paths c
, , Cz ⇒

U

L kca.cz , =Ifdsadsy.cn#j,MuemuajzAcy )
-

in-573
4A

-

2 =E-2^
Lkcci , Cz )

.su#gmsestaeisw.

They ,

C- S action leads to anyone 's

= In for excitations that carry a unit douse of

6
a

' field .



Chern - Simons action ⇒ fractional charge

Fg

Ket's include the external E . M .
field B in the

above calculation .
The full Lagrangian is '

L = - ¥,

ada tenda t j , am
2T

We have sent k→ - k so that the anyone statistics[
is t Lk Cc

, , Cz ? above ] .

Again integrating out a ⇒

~

bear =

In Tafe:#ja
where jr = jµ - e Emo # Tru AA

-

It

To calculate charge of the excitation associated with

j ,
we need to isolate the term proportional to

Anja .

That term is :

2x LI ja Are ⇐

ejpe
Are

-
-

2T k

Since charge at location K =

g8jd
=ejo

k



⇒ The quasi particle that carries a unit charge

Of '
a

'
field ,

carries I electric charge .

k

⇒ fractional charge excitations .

Where is electron ? Statistics and charge of a

bundle of excitations .

Consider an excitation that carries I units of charge

for the '
a

' field .

The current j for such an

excitation will contribute a term fdjµ am to

the action
.

⇒ statistics of such a

excitation = a- IZ
.

We see that I = k
.

-

k

corresponds to statistics = A k
. Similarly ,

Charge of such an excitation = ez ×
k = e

.

for this excitation to correspond to an

i - e .
k must be an

electron ,
it k I it

-

Odd integer .
If so ,

we have identified

the electron as a bundle of k elementary
excitations .



Relation to microscopes Iwavefn

-

Above we argued that the Cs action

S -

- If- kaffect Az tear
-

su )

Corresponds to a topologically ordered stale where

A particle with unit change of
'

a ' has

exchanges
tubs his

O = LI ,
and a bound state of k such particles

corresponds to the electron .

A ground state wave - th

that  is described by this action is the Laughlin

-

-

112144dBftp.2 = CI
state y ⇐IT ( Zi - zj )k e EB

isj is the magnetic
length ] .

See Wen 's book 7. 2.2 and 7-2-3 for details

-



Loop algebra and Topological degeneracy on Torah

-

The abelian A theory Strada resembles a free theory and

the E. O
. M .

 is da -

- O which suggests that the theory
is trivial with no interesting correlation fins .

This is

clearly incorrectas discussed above -
 the CS term

leads to anyone statistics .

More formally ,
it the

correlation fns  of Wilson loopseisaidlei Seai -
It

are

non - trivial and equal -e2iElkcci.cz
.

)

,
as discussed

earlier
.

The situation is identical to the ground state of

Zz guest

theoryThere
,

we saw that  in the ground state
,

flex  = O through every plaqvetle .

This still allowed for

tour non garage - equivalent configurations such .

.

-
In terms of  operators ,

the

=

•

non-trivial hoop con figs . corresponded

- to the operators Zi , Xi , Zz , Xz

Which had won - trivial commutation relations leading

to topological degeneracy on torus
.

let's consider such an approach for the CS theory .

The main - difference is that  in the toric code I

Zz graze theory the commutation relations were

[ A ,Ef = i
, [ Ay , Ey] = i and E Am Ay] a LEX , Ey ] = O

where A
,
E are on the same link

.



In contrast ,
the CS action  

in
# an Zay
k

( choosing ao=o grease ) ⇒ [ Inert, anger. ) ]=Efis4ra '!
they the field d.  o . f . are 66halved "

compared to a

conventional gunge theory .

Let's define loop operators
^ i f de

. de

Wi  
= e e ;

where Cse

winds around y
- direction C and them Wn ~

exbci flux throughthe non
- contractible n - hole )

. Similarly

Cy winds along a- direction -

ccya .

Using the commotion relations for I
,

w^awig = e
"

inywx
.

( recall BCH formula for operators whose commentator is

A C- number A B = e

ATB t I [ A ,
BT

)
.

The above non -  commuting of Wa . Wy imply that

Ground state is k - fold degenerate on a torus
.

To see this consider a g.s.

relabeled to > with

In eigenvalue I
.

In 107 = to>



^

Consider the state hey lo > . The Hamiltonian

of CS theory
is zero , so it clearly 13 still an eigenstate ,

the question is whether it's a new one ?

✓a Wigto > = wigWin ett "k
to >

a Iti Ik
= Wy e to >

.

Thus
, by 107 is again an eigenvector of in but

zailk
.

we
with a different eigenvalue . namely ,

e

can denote Wyld I 117
. Reporting the process

k - I times
.

we obtain k orthogonal ground

stolen lob
,

113
,  

-
- -

Ik- I >
. .

Quantization of C- S theory by mapping to AM

-

Since da -

- 0 locally ,
the now trivial dependence of @

is only on time modulo the fact that the Physical

iofa.de
degrees of freedom are e and not

a→ .de?
.

writing an =

Oz÷ , ay = 0y
,

Ly
the action becomes

S=

jugs
In dntFak on By = Iz Son b.ydt



with the identification On IOat 2K , Oy I oytzn

since e
i Ia-

de

,
e

i' -
dt

are unchanged under

Such a transformation .
Compare the action with

that of particle in a uniform magnetic field

BE in 2d .

AT =

Be
Cy ,  

- at ⇒ s = ftp.T
22

=

B-
Kyrie- nj ) at  =

-

B)
night .

Thus
,

2

Our action corresponds to  a magnetic field of

B = I
.

Recall that particle in a magnetic

I it

field has degenerate spectrum with

degenezracyf.to
tal flux

.

In our problem , flux = B x

SodorSoddy- = be × 4A  2  = 2T K

2 A za

-

⇒ / Degeneracy = 21¥ # k

Ware -functions
-

Since the Hamiltonian  is Zero ,  one might think

that
any function is an eigenfunction . However ,

the function needs to satisfy Q LO a . Oy)

= If LO
a

+2nA g Rgt 2mF ) where men C- I
.

Since Ge
, Oy don't commute ,

the eisenfh can only be

a fan of  one of them
.

Let's work with y l Oac )



in On
write yeon ) = Z an e which automatically

N

Satisfies y Con ) = Vicent Lot )
.

Fourier transforming ,

Y C P ) = Zan8 Cp - in ) where p
N

B Kano nicely conjugate to Oa . .
Ofwurse

, p= KOI
2T

-

⇒ yay ) = Zan8 C KOI - n )
N

The
requirement yay ? = Layton ) ⇒

An = antk
a

Therefore
,

there are just k independent an 's

corns bonding to k different topologically
degenerate sectors

.

-
-



Toric code as a Chern - Simons Theory
-

Above we saw that the CS theory ¥f Sada

leads to Wnwg
.

 - EMI Wy Wa .

In toric  code
,

the algebra of loop operator was X 122 = -22×1

And 1122 , =
- Z , Xz .

Thisalmost looks like

CS theory at k=2 except there are twice as

Many loop operators .

Therefore consider a Cs

theory with two garage fields a
, , az

'S
= ¥2 Jaadare

following the same . procedure as above
,

the

operators Wen =
da ' The- de

,
wz .

=
etc

.SI?z.dl?Wyg=eifyAT- A

, Way = e
if

FEB satisfy

the following relations =

#

Wen Way =  
= Wzy Wise

|WzaWsy=-WsyWzn#

Thus , one may identity Win = X I , Way = Zz ,

Wzze = Xz ,

W
Ly= Zz from the toric code

.



B

Thay .
the operator e

i toDPB creates a 22 magnetic
A

flux Cm) at A and B
,

and e

" ftp.dl creates a

Zz electric charge Ce ) at A and B
.

Similarly.

the mutual statistics between e

and m particles is a result of the fact that

( e

i §
,

as - de

ei Soap. dos
Cz )

in Lk CC , ,
Cz )

where Ci , Cz
= e

Are closed curves and thereby Correspond to

space - time trajectories of an M and an e

particle respectively .

More general Chern - Simons theories and their

topological degeneracy .

Above
.

the toric  code example had two CS fields

Ai , Az .

Move generally ,
one can have :

S = -

Kanye fatda
,

tSelz AIM jr

+
ez

,

forI A dat
.



where K is a nxn matrix with integer coefficients .

A quasi particle i3 distinguished by it's charges II

under gueye field at , and the electron current

is given by EggsDAI where QI
is called

I
-

2A

the ( electron ) charge vector .

One can show that

filling =

ray
= of K

- '
q .

charge and statistics of a quasi particle :

charge Qe =  - e

IT
K

- I
of .

statistics Og = is IT K -I I
.

The degeneracy
on a torus can be  obtained

in the similar manner as above :

Ove quantize the CS theory -

Efffat day by

writing aIn=Oja ,

a
y

=

Q§y- .

This leads

T
to s =  . fkONE 8yJ

⇒ [ Of ,OyFg = 2T i Ck-1) Ig

Diagonalizing the K matrix ,
one obtains



N sets of canonically conjugate variables

End,

' If whichsatisfy @da , Gg ]=2a

where ka is an eigenvalue of K .
A

Kd

Set  contributes topo . degeneracy ka .

Total

degeneracy = IT ka = ldet KI .

-
-

Nbt all different K matrices correspond to a

different topological phase of matter . Any

transformation of the form KS

WKWTand of
→ wqwhereWE Sun , I )

⇐  integer matrices with det  =L ) just corresponds

to a change of basis .

Moreover ,
even K matrices with different

matrix size can describe same physics due to

various dualities
.

We will see an example later
.

-


